The three-chain Hubbard model for Ta 2 NiSe 5 , known as a candidate material for an excitonic insulator, is investigated over the wide range of the energy gap D between the twofold degenerate conduction bands and the nondegenerate valence band including both semiconducting (D > 0) and semimetallic (D < 0) cases. In the semimetallic case, the difference in the band degeneracy inevitably causes the imbalance of each Fermi wavenumber, resulting in a remarkable excitonic state characterized by the condensation of excitons with finite center-of-mass momentum q, the so-called Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) excitonic state. With decreasing D corresponding to increasing pressure, the obtained excitonic phase diagram shows a crossover from BEC (D > ∼ 0) to BCS (D < ∼ 0) regime, and then shows a distinct phase transition at a certain critical value D c (< 0) from the uniform (q = 0) to the FFLO (q 0) excitonic state, as expected to be observed in Ta 2 NiSe 5 under high pressure.
Recently, Ta 2 NiSe 5 has attracted much attention as a strong candidate for the excitonic insulator (EI) which is characterized by the condensation of excitons and has been argued since about half a century ago. [1] [2] [3] Its resistivity indicates that it is a narrow-gap semiconductor with a quasi-onedimensional (1D) structure, where Ni and Ta atoms are arranged in 1D chains. 4, 5) A structural transition from the orthorhombic to monoclinic phase occurs at T c =328 K, 5) below which the magnetic susceptibility shows a gradual drop, and flattening of the valence band top has been observed in the ARPES experiments. 6, 7) Several theoretical studies [8] [9] [10] have revealed that the transition can be interpreted as excitonic condensation from a normal semiconductor to the excitonic insulator from a mean-field analysis for the three-chain Hubbard model with electron-phonon coupling 8, 9) and from a variational cluster approximation for the extended Falicov-Kimball model. 10) Usually, excitonic condensations have been discussed in a narrow-gap semiconductor or a semimetal with slight band overlapping with nondegenerate conduction and valence bands for simplicity, [1] [2] [3] where each Fermi wavevector in the semimetallic case coincides to each other as shown in Fig.  1(a) . However, the band structure calculation 8) revealed that twofold degenerate conduction bands exist in Ta 2 NiSe 5 , originating from two Ta 5d orbitals, while the nondegenerate valence band originates from hybridized Ni 3d and Se 4p orbitals as shown in Fig. 1(c) . The difference in the band degeneracy inevitably causes the imbalance of each Fermi wavenumber in the semimetallic case, as shown in Fig. 1(b) , where one can expect that the condensation of excitons with finite center-of-mass momentum q takes place, analogous to that of Cooper pairs in Fulde-Ferrell-Larkin-Ovchinnikov (FFLO) superconductivity under an external magnetic field, where the Zeeman splitting causes the imbalance of the * E-mail address: takemi@phys.sc.niigata-u.ac.jp Fermi wavenumber for each spin. In fact, several authors have recently discussed the possibility of the FFLO excitonic state in the electron-hole bilayer systems with density imbalance. [11] [12] [13] The purpose of this letter is to clarify what kind of excitonic phase (EP) exists in the semimetallic case of the three-chain Hubbard model for Ta 2 NiSe 5 , which has not been discussed in the previous theoretical studies 8, 9) but might be realized in experiments under high pressure.
14)
The three-chain Hubbard model for Ta 2 NiSe 5 8) consists of the twofold degenerate conduction (c) bands from Ta 5d orbitals and the nondegenerate valence ( f ) band from hybridized Ni 3d and Se 4p orbitals as schematically shown in Figs. 1(b) and 1(c). Its Hamiltonian is explicitly given by 
where c kασ (c iασ ) and f kσ ( f iσ ) are the annihilation operators for c and f electrons with wavenumber k (site i), spin σ =↑, ↓ and chain degrees of freedom for the c electron α = 1, 2. The noninteracting c( f ) band dispersion is given by
where t c and t f are the c and f hopping parameters and set to t c = −0.8 eV and t f = 0.4 eV, respectively, which have been determined in Ref. 8) so as to fit the energy band from the first-principles calculation for Ta 2 NiSe 5 . D is the energy gap between the c and f bands at k = 0, describing both semiconducting (D > 0) and semimetallic (D < 0) cases. As D is considered to be a decreasing function of pressure, we vary D as a parameter instead of fixing D to 0.2 eV as in Ref. 8) so as to reproduce the first-principles energy band at ambient pressure. In Eq. (2), we consider the intersite c-f Coulomb interaction V which is crucial for the excitonic order as shown below, while we neglect the on-site Coulomb interaction, which can be effectively included in D and/or the chemical potential µ within the mean-field approximation by excluding the magnetic and density-wave-type orders. 8) Now, we discuss the excitonic order within the mean-field approximation in which H ′ in Eq. (2) is replaced by
Here the excitonic order parameter
becomes finite when the condensation of excitonic c-f pairs with center-of-mass momentum q takes place and is assumed to be independent of σ and α for simplicity. Diagonalizing
where ∆ q is the magnitude of the order parameter and φ q is the relative phase between the nearest-neighbor c-f pair with the c-site to the right of the f -site ∆ (0) q and that to the left ∆
q . Substituting Eq. (5) into Eq. (4), we obtain the following selfconsistent equations to determine ∆ q and φ q :
where
When we set q = φ q = 0 in Eqs. (6) and (7), the solution coincides with that in Ref., 8) where the semimetallic case (D < 0) responsible for the finite q (φ q ) solution is not considered.
Generally, Eqs. (6) and (7) yield self-consistent solutions of ∆ q and φ q for various values of q. Therefore, we determine the most stable solution by minimizing the free energy
w.r.t. the wavenumber q, where F 0 , E 0 ks , and µ 0 are the free energy, the energy band, and the chemical potential for the normal state with ∆ q = φ q = 0, respectively, s is the band index, and µ and µ 0 are determined so as to fix the number of electrons per unit cell to n = n c + n f . Note that the selfconsistent Eqs. (6) and (7) can be reproduced by the stationary conditions ∂δF q /∂∆ q = 0 and ∂δF q /∂φ q = 0 for a given q. In the present study, we set n = 2 and V = 0.4 eV and vary T and D as parameters. Here and hereafter, the energy is measured in units of eV.
Figure 2(a) shows the excitonic phase diagram on the D−T plane, where the excitonic order with ∆ q 0 is realized for D < ∼ 0.1 below the transition temperature T c . In the semiconducting case with a narrow gap between the c and f bands for 0 < D < ∼ 0.1, the transition from the semiconductor to the EI, i. e., the BEC of excitons, takes place as previously reported in Ref. 8) When the gap D decreases, T c rapidly increases with increasing carrier density, as expected in the BEC regime. T c still increases with decreasing D in the semimetallic case with slightly overlapping c and f bands for −0.06 < ∼ D < 0, where the exciton binding energy ∼ ∆ q is larger than the Fermi energy measured relative to the band edge ∼ |D|/2. On the other hand, in the semimetallic case with relatively larger c-f band overlapping for D < ∼ −0.06 where ∆ q is smaller than |D|/2, the transition from the semimetal to a BCS-like excitonic condensation takes place. In this case, T c gradually decreases with increasing the band overlapping |D|. Thus, the system shows a BCS-BEC crossover at D ∼ −0.06, where T c shows a maximum as shown in Fig. 2(a) .
In the semimetallic case with the different c-f band degeneracy, where the band overlapping causes the imbalance of the Fermi wavenumber k c F k f F , one can expect that the condensation of excitons with finite center-of-mass momentum q takes place, analogous to that of Cooper pairs in FFLO superconductivity under an external magnetic field, where the Zeeman splitting causes the imbalance of the Fermi wavenumber for each spin k
In fact, the FFLO excitonic state with q 0 is stabilized in a wide parameter region for the semimetallic case as shown in Fig. 2(b) , where the wavenum- ber q for which the free energy δF q becomes minimum is plotted on the D − T plane. The FFLO EP (q 0) is observed for D < ∼ −0.08, while the uniform EP (q = 0) is observed for D > ∼ −0.14, and the phase boundary between the two is located at −0.14 < ∼ D < ∼ −0.08 depending on T . In Figs. 3(a)-(c) , we plot the magnitude of the excitonic order parameter ∆ q , its relative phase φ q , and the wavenumber q for which the free energy δF q becomes minimum as functions of D for several values of T . In the EP, ∆ q becomes finite and increases (decreases) with decreasing D in the BEC (BCS) regime and then shows a peak in the crossover region. In the FFLO EP, both q and φ q become finite and monotonically increase with decreasing D towards the phase boundary with the normal phase. When approaching the transition from the EP to the normal phase, ∆ q continuously becomes zero, indicating a second-order phase transition. When approaching the transition from the FFLO EP to the uniform EP, both φ q and q continuously become zero at relatively high temperatures of T = 0.01 − 0.03, where the transition is the secondorder, while discontinuously become zero at T = 0.005 where ∆ q also shows a discontinuous jump indicating the first-order phase transition. Detailed calculations indicate that the transi- tion between the uniform and FFLO EPs is second-order for T > ∼ 0.006 but first-order for T < ∼ 0.006, as shown in Fig.  3(g) , where a remarkable reentrant transition is observed at the phase boundary between the uniform and FFLO EPs as mentioned in detail below.
To observe the reentrant transition explicitly, we plot the T -dependence of ∆ q , the second-order phase transition between the uniform and FFLO EPs takes place. For D = −0.08 (−0.084), when T decreases, we observe the reentrant transition at T = 0.013 (0.016) from the uniform EP to the FFLO EP and at T = 0.009 (0.006) from the FFLO EP to the uniform EP, where both transitions are found to be the second-order. On the other hand, for D = −0.087, when T decreases, we observe the secondorder phase transition from the uniform EP to the FFLO EP at T = 0.017 but the first-order transition from the FFLO EP to the uniform EP at T = 0.004, where ∆ q also shows a discontinuous jump. Around the first-order phase transition, we also confirmed that the free energy δF q has a double minimum with respect to q (not shown).
A significant difference between the uniform and FFLO excitonic states is the corresponding band dispersion given by Eq. (3), which yields a more explicit form upon using Eq. (5) as
In Figs. 4(a) -(c), the energy band structures near the chemical potential µ are plotted as functions of wavenumber k/π around the Brillouin zone center at T = 0.005 eV in the following three specific cases. Figure 4 (a) shows the energy band of the EI in the uniform EP with ∆ q = 0.022 and φ q = q = 0 for the semiconducting case with D = 0.03, where the flattening of the valence band top is observed, as shown in the previous theory, 8) which well accounts for the ARPES experiments on Ta 2 NiSe 5 . 6, 7) For the EI in the semimetallic case with slight band overlapping with D = −0.08, where ∆ q = 0.028 and φ q = q = 0 (uniform EP), the valence band top shows a double peak structure [see Fig. 4(b) ]. This is caused by the strong hybridization of c and f bands due to the excitonic condensation with large ∆ q . In contrast, in the FFLO EP for D = −0.09 eV, where ∆ q = 0.020, φ q /π = 0.013, and q/π = 0.053, we observe the semimetallic band structure with a marked asymmetry with respect to k = 0 [see Fig. 4(c) ]. This is caused by the hybridization of c and f bands with a wavenumber shift q due to the imbalance of the Fermi wavenumber k f F − k c F and also by the nontrivial wavenumber shift due to the relative phase of the order parameter φ q as shown by Eq. (8) . Note that the transition between the EI in the uniform EP and the excitonic semimetal in the FFLO EP is first-order at the low temperature T = 0.005 eV as shown in Figs. 3(a)-(g) .
In addition to the FFLO state with q > 0 and φ q > 0 mentioned above, another degenerate FFLO state exists with −q and φ −q = −φ q , where the dispersion E MF k,± with −q is equivalent to E MF −k,± with q as can be seen from Eq. (8). The two degenerate states are categorized into the Fulde-Ferrell (FF) type, in which the order parameter has a homogeneous magnitude but a modulated complex phase factor. This degeneracy may be resolved by various effects in real materials such as surface, impurity, and lattice distortion, resulting in the Larkin-Ovchinnikov (LO) type states in which the order parameter is real and spatially modulated. In fact, in the electron-hole bilayer system with density imbalance, the LO type state has been found to be stabilized in a finite-size system 13) compared with the FF type state, which was revealed by momentum space calculations 11, 12) similar to those in the present study. Therefore, discussing the possibility of the LO type excitonic states in the present model will be an interesting future problem.
Here, we briefly discuss the effect of the orthorhombicto-monoclinic structural transition in Ta 2 NiSe 5 , which was found to be induced in the EI by taking account of the coupling g between the electron and the uniform shear distortion δ of the chain.
8) Then, we consider the effect of the same electron-lattice coupling and obtain some preliminary results: the FFLO state is suppressed by δ as it resolves the conduction band degeneracy but survives up to a critical value δ c , for example, gδ c ∼ 0.01 eV for D = −0.1 eV. Therefore, we expect that the FFLO state with small monoclinic distortion will be realized in semimetallic Ta 2 NiSe 5 under high pressure, where the monoclinic phase is suppressed by pressure and finally disappears at a critical pressure. 14) Detailed results with the explicit inclusion of the electron-lattice coupling will be reported in a subsequent paper.
In summary, we have investigated the three-chain Hubbard model for Ta 2 NiSe 5 over the wide range of the energy gap D between the twofold degenerate c band and the nondegen-erate f band and have obtained the excitonic phase diagram on the D − T plane, where the second-order phase transition from the normal phase to the excitonic phase occurs at T c . There is a peak of T c in the crossover region between the BEC (D > ∼ 0) and BCS (D < ∼ 0) regimes. In the semimetallic case with D < D c < 0, where the band overlapping is larger than a critical value |D c |, the imbalance of the c and f Fermi wavenumber due to the difference in the band degeneracy results in the remarkable FFLO excitonic state. This state is characterized by the condensation of excitons with finite center-of-mass momentum q corresponding to the Fermi wavenumber imbalance. The band structure of the FFLO state is asymmetric with respect to k = 0 owing to the wavenumber shift q together with the relative phase of the order parameter φ q , in contrast to the uniform excitonic state with q = φ q = 0 realized in the semiconducting (D > 0) and slightly band overlapping semimetallic (D c < D < 0) cases. In these cases, flattening or a double peak structure of the valence band top is observed. With decreasing D, corresponding to increasing pressure, the system shows a first-order phase transition from the uniform state to the FFLO state at low temperatures while a second-order phase transition at relatively high temperatures. A reentrant uniform-FFLO-uniform transition is also observed as a function of T for a fixed D around D c .
In the semiconducting case with D > 0, our results regarding the EI are the same as the previous results in Ref., 8) where the orthorhombic-to-monoclinic structural transition in Ta 2 NiSe 5 at ambient pressure was well accounted for by the transition from the semiconductor to the EI, which shows the flattening of the valence band top as observed in the ARPES experiments below the transition. 6, 7) The present results for the semimetallic case with D < 0 including the FFLO excitonic state have been obtained from a straightforward extension of the semiconducting case and are therefore expected to be realized in Ta 2 NiSe 5 under high pressure as D is considered to be a decreasing function of pressure. In fact, Ta 2 NiSe 5 becomes semimetallic under high pressure and also shows the orthorhombic-to-monoclinic structural transition, which is suppressed by pressure and finally disappears at the critical pressure around which superconductivity is observed. 14) Our preliminary calculation with the random phase approximation revealed that the superconductivity occurs due to the enhanced excitonic fluctuation towards the excitonic phase boundary. Explicit results for the superconductivity as well as detailed results for the FFLO excitonic state including thermodynamic, transport, and optical properties will be reported in subsequent papers.
